The Catenary Revisited: Prom Newtonian Strings to Superstrings 
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The dynamics of extended objects, such as strings and membranes, has attracted more attention 
in the past decades since the fundamental objects introduced in high-energy physics are no more 
pointlike. Their motion is generally intricate to describe. This article argues that the Newtonian 
analogy of a catenary with free ends offers a good description of some processes such as gravitational 
radiation by an accelerated brane. 

PACS numbers: 



I. INTRODUCTION 

Much of the beauty of physics derives from the fact 
that it is often possible to understand a broad range 
of quite complex phenomena in terms of a small class 
of simple and sometimes surprisingly universal physical 
problems. The harmonic oscillator, with its ubiqui- 
tous appearance everywhere from physics of diatomic 
molecules to the simple pendulum to the theory of 
cosmological perturbations, is perhaps the first example 
that comes to mind. As we will argue in this article, a 
simple suspended string in a gravitational field is another. 

Like the harmonic oscillator, the shape of a "hanging 
chain" is a centuries old problem that has occupied some 
of the greatest mathematical minds of all time including 
no less than Galileo (who got it wrong), Huygens (who 
showed why), Leibnitz (who got it right), the Bernoulli 
brothers (who also got it right), Euler and Lagrange 
(who showed how the, then, newly developed machinery 
of the calculus of variations could be brought to bear on 
the problem with astounding efficiency) . Today, not only 
does almost every (physics) undergraduate know that a 
uniform ideal chain hanging under its own weight from 
two fixed points at a fixed height assumes the shape of 
a catenary, but the determination of the shape function 
of the chain has become a routine exercise in variational 
calculus [H, [ll ■ So much so that one might be forgiven for 
thinking that the problem had nothing more of value to 



offer. One would, of course, be mistaken. Indeed, several 
variations on the catenary problem exist. These include 
the elastic, centrally loaded chains [3| and a number of 
studies of chains with varying mass density /x(s) The 
common theme to all of these problems though, is that 
they are concerned with the shape assumed by a static 
chain in a gravitational field. The case of a chain with 
time- dependent boundary conditions^ appears to have 
remained largely unstudied, as far as we are aware. 



Our own interest in this problem arose in a largely tan- 
gential way through the study of certain instabilities of 
D-branes in superstring theory (sj. D-branes are won- 
derfully multi-faceted membrane-like solutions in string 
theory that, for the purposes of this article, can be under- 
stood simply as somewhere that open strings must end. 
In other words, they define the boundary conditions for 
open strings. As such, the endpoints of the attached 
open string satisfy Neumann boundary conditions in the 
direction of the membrane^ and Dirichlet conditions in 
the orthogonal directions. But D-branes are so much 
more than that; they are actually charged objects in the 



^ Here we do not include "towed chain" type configurations. 

^ Actually we are abusing terminology a little here in the interests 
of intuition. "Membrane" in string theory is usually reserved for 
a (2-|-l)-dimensional D-brane or D2-brane. We will not be fussy 
about the dimensionality of the extended object. 
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spectrum of the theory. They couple to Ramond-Ramond 
(RR) fluxes in the same way that electrons - charged par- 
ticles in electromagnetism - couple to the electromagnetic 
field. And, in fact, just like electrons in an electromag- 
netic field, D-branes moving in an RR background will 
experience the analogue of a Lorcntz force and acceler- 
ate. This is true in particular for a D-brane falling in 
a gravitational potential (near a black hole, for exam- 
ple) which will be accelerated off geodesic paths due to 
this Lorentz-like acceleration. Open strings attached to 
such D-branes, however, feel no such force since they are 
not RR-charged and so should be in geodesic freefall. In 
Ref. [61] it was argued that the effect of this difference 
in the way that strings and membranes behave is two- 
fold: the string grows and its endpoints start to come 
together. If the string is allowed to self interact then the 
open string ends coming together forms a closed string 
which, no longer bound to the membrane by Dirichlet 
boundary conditions, is free to leave, carrying away en- 
ergy from the D-brane. The authors of :(| discovered 
this instability through a sophisticated study of a class 
of operators that represent the membrane-string configu- 
ration in a dual quantum field theory (a supersymmetric 
Yang-Mills gauge theory) and, in passing, suggested that 
a good toy model with which to build intuition about 
this problem might be classical strings in Rindler space'^ 
or, through the equivalence principle, classical strings in 
a CTavitational field. Some of this intuition was validated 
in [7| , where it was demonstrated that the profile function 
of a (fundamental, relativistic) string suspended between 
two points'* in Rindler space (a fixed distance away from 
the Rindler horizon) is indeed of the catenary form. To 
fully appreciate the mechanism of the D-brane instabil- 
ity however, we need to understand the dynamics of open 
strings whose endpoints are free to move along the mem- 
brane. Toward this end, and to push the analogy with 
the hanging chain as far as we can, we study the simple 
mechanical problem of an inextensible chain attached to 
a rod which is itself fixed at some height, h, in a gravi- 
tational field, g. The key feature to our problem is that 
the points of attachment are free to move along the rod 
(as they would be if the chain were attached by, say, fric- 
tionless rings). We would like to know 

• What is the shape of the string at any time, t > 01 

• Intuitively, it seems clear to us that as the string 
falls in the gravitational field, the ends come to- 
gether. How then does the time that it takes de- 
pend on the various parameters? 

• Does the motion of the string generate wave modes 
along the string, and if so, what is it's frequency 
spectrum? 



To the best of our knowledge (and much to our surprise) 
these questions have not yet been answered for this 
system in the literature. In what follows, we present 
a detailed analysis of the dynamical hanging chain 
problem. 



II. THE STATIC CATENARY 

We begin with a quick recall of the static hanging 
string problem. This system has, obviously, been well 
studied in the literature (see, for example 0, 01 for ex- 
cellent discussions of the catenary as well as some of its 
variants) and we include it here only to establish our 
notations, discuss various parameterizations and bench- 
mark our numerical integration scheme. So, consider a 
string of constant length 2iQ and linear mass density fi 
suspended in a gravitational field (see fig. [IJ. Its shape 
can be obtained by minimizing its action which, for a 
static configuration reduces to its potential energy. 



S 



(1) 



where ^ is a parameter along the string. Depending on 
the choice of the coordinate ^, there are at least two 
ways to find the solution that extremises Eq. ([iJ to get 
the shape of the string 



(2) 




FIG. 1: A string of lengtli 2£o and lineic mass /i is hanging in 
a gravitational field g. 



A. Choosing ^ — x 

In this case, we impose that X = x in order to deter- 
mine y = Y(x) by extremizing 



^ which is the rest frame of the accelerated membrane. 
* In string theory jargon, these would be two DO-branes which are 
0-dimensional solitonic objects in the theory. 



S= I Ldx, L^g^iY\ll+[ . (3) 
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First, note that since L is independent of t and Y , the 
Hamiltonian H = L — YdL jdY reduces to H = L so that 
mimnimizing the action S is equivalent to minimizing the 
energy. 

Moreover, since L is independent of x also, we deduce 
that L — Y'dL/dY' is constant, i.e. 



(4) 



kx being a constant. This equation is easily integrated 
to give 



Y(x) = k cosh - + C, 
k 



.9M 



(5) 



the celebrated catenary. The boundary conditions 
y(±a) = TjA impose that C = i/a — £cosh{a/£) and the 
length of the string is found to be 



dx — 2k sinh ■ 




2£o = 

so that the full solution is 

y — Y{x) — k 
with the constraint 



cosh - — cosh — 
k k 



£o = k sinh — . 

k 



(6) 



(7) 



k is indeed a complicated expression of the two param- 
eters (^o,a) but the solution is nevertheless unique and 
completely determined. In particular, we can compute 
the angle between the tangent to the string and the x- 
axis as 



dY . X 
tan a = — — = sinh — . 
dx k 



B. Choosing S, — s 



(8) 



The previous argument assumes that one can choose 
X = X, which is not a priori guaranteed, especially for 
non-static configurations. An alternative choice is to use 
the length along the string s (defined through dX^ + 
dY^ = c?s^) as the parameter so that the length of the 
string is 



24= / y/dX^ + dY^ds 



ds. 



(9) 



Since we need to extremize the action ([TJ subject to 
we have to use a Lagrange multiplier to impose this con- 
straint. Consequently, we need to extremize 

5 = J gfWX'^ + y'2 Yds + x(^J VX'^ + Y'^ds - 1^ . 

(10) 



The variation with respect to A, X and Y gives the set 
of equations 



X' 



Y'- 



1, 



X'ig^Y + A) = kg^l, 
Y' 



+ r'2 



(gfiY + A) 



= 9^^■ 



(11) 

(12) 
(13) 



The first two of these can be combined to obtained a 
closed differential equation for Y(s) = Y + X/gfi as 



Y2 

the solution of which is 



Y 



/2 



1, 



y(s) = ±v/(s-so)2 + p 



(14) 



(15) 



We can always choose s = at the middle of the 
string (the so-called affine parameterization) so that s G 
[— £oj4] and X{s) can then be obtained by integrating 
X'Y — k so that the full solution reads 

X(s) /csinh"^ (^) (16) 
Y{s) = y/s^ + k^-^£l + k^ + yA, (17) 

and k is then fixed from the constraint X{£o) — 
—X{—£o) ~ a so that 



k sinh ^ f 



£o — k sinh — 
k 



A is fixed by the boundary condition of Y 



A 



— = j£l + k^- yA. 



(18) 

(19) 
found in 



Indeed, eliminating s leads to the solution 
the previous paragraph. 

The function k{a) is related to the auxilliary function 
U{a) = k{a)/a that satisfies 



U sinh — = — . 
U a 



(20) 



Indeed, this equation has a solution only if a/^o < 1- Let 
us discuss the asymptotic behaviour of U and k. 

• When [/ -> cxo , [/ sinh — ?► 1 , from which we 
deduce that when a ^ £q, U cxd. Expanding 
J7sinhi in a series in 1/U, we get, to leading or- 
der, that (6C/2)-i = £„/a - 1 so that 



k{a) 



(21) 



• When a 0, U sinh ^ — > oo so that U and 
fc ^ 0. 
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The function k is depicted in Fig. [2l In this parametri- 
sation, it fohows from Eq. pT|) that 

X'{s) = cosa(s), Y'{s) = sina(s), (22) 

where a{s) is the angle between the tangent vector to 
the string, t(s) — {X'{s),Y'{s)) and the x-axis. It is 
then easily checked that 

tan a(s) = Y'/X' = y, 
k 



sina(s) — Y' = 
cos q:(s) = X' = 



s/k 



^l + s2/fc2' 

1 

\/l + sVfc2' 



(23) 



s -\- ds 



s 





T(s) 







FIG. 2: The function k{a). The dashed line represents the 
asympotic expansion (|21|l when a/lo — >■ 1. 



C. Tension along the string 

From the previous solution, one can derive the tension 
along the string, T = {T^{s),Ty{s)) = T(s)t(s). While 
tension, being an internal force does not appear in the 
Lagrangian formulation, it can nevertheless be defined 
from the Newton equations (see Fig. ^ which, for a static 
configuration, imply that 

Tx{s + ds) - To.{s) = 0, Ty{s + ds) - Ty{s) = (/ids).g 

(24) 

since the horizontal component is constant (i.e. the 
string experiences no tensive force in this direction) while 
the vertical component has to balance the weight. It fol- 
lows that 

(r,)' = (Tcosa)' = 0, (TyY ^{T sin a)' ^g^i. (25) 

The second equation implies that Ty = T(s) sin a(s) = 
^gs (since by symmetry Ty{0) = 0). Using the expes- 
sions we conclude that Tx{s) — T{s) cosq;(s) = fc/ig. 
We conclude that 



T(s) ^ kfig\l I + — ^ ^igYis). 



(26) 



FIG. 3: A piece of string of length ds is in equilibrium and 
subject to the tension from the neighboring pieces and its 
weight. 



D. Energy of the configuration 

Once the configuration of the string is known, we can 
compute its energy as a function of the two parameters 
{£Q,a) of the problem. 



E[a,io]=2gii r(s)(is, 

^0 



(27) 



2gn 



The integral reduces to \[s^/W^+s^ + fc^ ln(s + 
>/fc2 _|_ s2)]p" so that, using Eq. (fT8| to express 
sinh"-^[£o/A:], one gets i?[a,£o] = gmstringVA + 5E with 
^string = 2/^4 and 



gmsuingio 2 y el 



In the limit a Eq, the string is stretched along y — tja 
and, as we have seen, k/ia — > oo so that SE — and 
E — >■ gmstringUA, as expected. In the limit a — 0, the 
string hangs vertically and Eq. ^TE\\ implies that fc — 
so that E — > gmstnngiUA ~ ^o/2), which is also expected 
since the position of the barycenter of the string is at 
Va — ^o/2- Fig. |4] gives the dependence of E with a. 



III. THE DYNAMICAL CATENARY 

We now allow the string to move, keeping in mind the 
study of two main situations: (1) the case where the 
points A and A' can move freely on the y = i/a axis 
and (2) the case of waves propagating along the static 
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FIG. 4: Variation of 5E, in units of gmstring^o, as a function 
of a. 



Starting from the Lagrangian, we have to extrem- 
ise (Uni) with respect to X, Y and A. This provides the 
three equations 



X{.s,t) 



X' { gV + 



1 



-Y' + - 



Y{s, t) = ^gY + -X' + iy^ + ^ ) - .9,(34) 

X''^{s,t)+Y''^{s,t) ^l. (35) 

Again, the tension does not appear in this derivation but 
it is clear that the systems p3ll35p and pOII32p are equiv- 
alent if one sets 

T{s,t) = ii(^gY+\x^ + \Y^ + -^. (36) 



(33) 



catenary. It is clear from Fig. |4] that the string will tend 
to minimize its energy so that we expect a — > 0. The goal 
of this section is in particular to describe this dynamics 
and to estimate the time scale for the two end-points to 
meet (as a function of the parameters in the problem). 

As in the previous section, we choose ^ = s and start 
from the action 



-{X^ + Y^)+gY 



s = I [i^Jx''^ + r'2 

y/X'^ + Y'^dsdt - 1 



dsdt 



(29) 



where the string is parameterized as {X{s^t),Y{s,t)}. 



A. Equations of motion 

As for the static case, the equations of motion can be 
derived either from Newton laws or by extremizing the 
action. 

Let us first start from the Newton laws. Eq. (|24|) gen- 
eralizes to 

^dsX = Tx{s + ds) - Tx{s) = dgT^ds, 
fidsY ^Ty{s + ds) — Ty{s) ~ dgTyds — g^ds. 

Keeping in mind that {X' ,Y') — (cosa,sina), we end 
up with the system for {A'(s, t), F(s, t), T(s, t)} 



X = 


T 










Y = 


T 






/i 




X'^ 


f r'2 = 


1, 



(30) 

(31) 
(32) 



for s €] — ^o[- It does not apply to s = it^o since there 
the tension is discontinuous and this should be provided 
by the boundary conditions. 



B. Moving end-points 

1. Full system of equations 

In order to solve the previous system, one should im- 
pose the boundary conditions. We start by assuming that 
the end-points can move freely by remaining at a consant 
height, that is 

y(±4, t) = VA, r(±4, t) = Y{±eo, t) = 0. (37) 

For the end-points, we define XA{t) = X{iQ,t) and 
ao(0 = a{£[),t). The tension being discontinuous (be- 
cause this is the end of the string) , we should have 

fidsXA = ~Tx{£o), fj.dsYA = ~Ty{lo) - gfids. 

The boundary conditions imply that Tylig) — —gfids and 
thus we conclude the motion of the end-point is dictated 
byS 



Xa = — gcot ao{t). 



(38) 



If we assume that the system is prepared in a static 
configuration and then evolves freely, the final system 
should read 

X{s,t) = 



Y{s,t) 



T{s,t) 



12, 



X'{s,t) 
Y'{s,t) 



X''{s,t)+Y''{s,t)^l, 
X{£Q,t) = — g cot a{£o , t) , 
X{s,t = 0) = Xstat(s), 
y(s,t = 0) =2/stat(s), 

r(s,t = 0) =T,tat(s). 



(39) 

(40) 

(41) 
(42) 
(43) 
(44) 
(45) 



This condition can also be obtained from Eqs. I I33I34I I since, 
when evaluated in s = £o a derivative term of the form f'{io) 
can be evaluated as f'{£o)ds = f{io + ds) — f{£o) = —f{l-o)- 
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2. Adiahatic solution 

In order to find an approximate solution to this system, 
let us assume that the motion of the string is well approx- 
imated by a succession of static configurations. This is a 
reasonable approximation as long as the end-points are 
moving slowly. 

Under such an approximation, coi a{iQ,t) = 
cotQ;stat(i) = k{t)/£Q so that the motion of the 
end-points simplifies to 



0.5 



C« 0.0 



XAit) = -g 



kit) 



" .sinh.^-(^) 



kit) 



(46) 




10 12 



Setting Xa — ait) = iogit), kit) = l^Kit) and using the 
rescaled time r = t/tc with t^ — ta/g, we have to solve 



a(r) = -K[g,iT)] , Kir) sinh 



Kir) 



- 1, 



(47) 



with a dot being d/dr. 

We can solve this equation numerically for different 
values of the initial amplitude (see Fig. [5]) and then 
compute the time tg for the two end-points to meet (see 
Fig. ini). For a standard harmonic oscillator, to is inde- 
pendent of the initial amplitude, contrary to our case at 
hand. 



3. Numerical integration 




FIG. 5; Evolution of a(r) in units of £o for a^^ = 0.1 (dot- 
ted line), 0.5 (dashed line) and 0.9 (solid line) for the adia- 
hatic solution (top) and full numerical intergration (bottom). 
The frequency of the oscillation depends on a^^, contrary to 
a standard harmonic oscillator. The agreement between the 
J ywo computations is excellent, at least for the first oscillations 

Xis,t) ^uis,t), uis,t)^—F[Xis,t),X'is,t)].i48) (see g llllBSt . 



The system (|39M5|) can be solved numerically. How- 
ever, to facilitate the numerical integration, it will prove 
more convenient to rewrite it as a system of first order 
equations of the form. 



Differential equations of this form are of the general 
class that may be solved by either the Lax-Friedriechs 
finite difference [1] or Smoothed Particle Hydrodynam- 
ics Q numerical integration schemes. To understand the 
exact behaviour of the dynamical catenary (and check 
the range of validity of the assumption of adiabaticity), 
we have implemented both of them and checked that they 
give the same results. 

A surface plot of a solution is depicted in Fig. [7] and 
the motion of the endpoints for different configurations is 
shown in Fig. [S] (bottom) for the case of a constant length 
string. The first plot shows that the adiabatic solution 
is valid at most for the first oscillations since after this, 
cusps developed and cannot be treated by the adiabatic 
approximation. 




FIG. 6: Collapse time in units of tc 
the initial amplitude din . 



/lo/g as a function of 



C. Waves 

As a second example, let us consider waves propagat- 
ing on a static catenary, so that we study small devia- 
tions and set X(s,t) = Xstat(s) -I- u(s,t) with X(s,t) = 



{Xis,t),Yis,t),Zis,t)}, Xstat = {^stat(s),r,tat(s),0} 

and u(s,i) = {u^is,t),Uyis,t),Uzis,t)}. 

Let us start by neglecting the perturbation transverse 
to the plane of the catenary, i.e. = 0. At first order 
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respect to Z . at first order in gives (since it has no 
zeroth order) 



stat // 




stat \ / 



(53) 



that is the same equation as for the waves in the plane 
of the catenary. 

Fig. |8] depicts the evolution of / with time assuming 
an initial profile with Uj.(s,t) = Asin(7rs) and Uy{s,t) = 
Asin(1.57rs). A is chosen so that the perturbed string's 
length is the same as the static sting. Using the relation 
u{s,t) = f{s,t)'N{s), we can calculate the perturbations 
at later time steps. Fig. |9] shows the string profile at 
different times. 



FIG. 7: Numerical solution of the full string dynamics with 
a(0) = 0.5. We see that the adiabatic solution is a good quali- 
tative description before the first crossing of the end-points. 
Thereafter, the development of cusps causes the adiabatic ap- 
proximation to break down. 



in u, the condition (I35p implies that 



(49) 



The perturbation can be chosen to be perpendicular 
to the string, which implies that we must have u = 
/(s,<)N(s) with N(s) = (->;;,„ X^tat,0) and f{s,t) = 
X!.^.^^Uy — Y^^^^Ux- Expanding Eqs. p3ll34p and then com- 
bining them, one can extract the equation of evolution of 



f 



/' 



(50) 



where the tension along the string is given '7stat(5) is 
given in Eq. (I26p . It describes damped waves with a 
sound speed 



c^(s) = kg\ 1 + 



fc2' 



(51) 



The boundary conditions are f{±£o,t) = f{±£t),t) = 
f'{±io,t) — 0. When Tgtat — > cste. we recover the stan- 
dard wave equation for the perturbation of a string. 

Concerning the perturbations perpendicular to the 
plane of the catenary, one needs to extend our action 
to 



{X^ + + Z^) + gY 




0.0 



FIG. 8: A numerical solution of f{t,s) with Ua;(0, s) = 
Asm{TTs) and Uy{0, s) = Asin(l. Stts). A is fixed by the string 
length. The perturbations decay like an over damped har- 
monic oscillator. This can be seen in the figure as the bumps 
die out monotonically. 



dsdt 




+A 



r'2 + z'^ds - 1 



(52) 



in order to allow for a motion along the z-direction. The 
variation with respect to A give the constraints (j35p at 
zeroth and first order in u,. Then the variation with 



FIG. 9: The string profile at different times using the same 
initial configuration as in Fig. [S] The string coordinates here 
where calculated using X = Xstmt — fY' and Y — Kstat -I- fX'. 
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IV. RELATIVISTIC EXTENSION 

A string is a (l+l)-dimensional object propagating 
in a (l+3)-dimensional spacetime with metric g^^^, with 
IJ,,v = . . .3. It is thus described by four embedding 
function where are (2-dimensional) intrinsic 

coordinates on the worldsheet (a, & = 0, 1). 

The focal geometry of the string worldsheet is thus 
determined by the metric jab induced by the spacetime 
metric g^i, on the string worldsheet and is given by 



lab = g^^yX'^^X'^^ 



(54) 



where = ^aX^'. 

Note that a 2-dimensional surface being conformally 
flat, it always exist a system of coordinates such that 
lab = ^^C'^)??ah, ??ah being the 2-dimensional Minkowski 
metric 



A. General dynamics 

The relativistic extension of the dynamics of a string 
derives from the Goto-Nambu action [lH- which 
states that the action is proportional to the area of the 
2-dimensional worldsheet spanned by the string. 



5" 



(55) 



where 7 is the determinant of lab- Interestingly, extrem- 
ising this action with respect to the 2-dimensional metric 
gives the general equation of motion 

+ T^^j''''daX''dbXP = 0, (56) 



where are the Christoffel symbols of the background 
spacetime. 



Eq. ([55)) is a generalization of the geodesic equation of a 
point particle (for which the worldsheet is 1-dimensional) 
to higher-dimensional objects. 

This was extensively used to study the dynamics of 
cosmic strings (see Ref. [l^] for a review) . In Minkowsky 
space, the conformal gauge leaves considerable freedom 
and one can further impose that X^ = t, known as the 
temporal gauge. The gauge conditions and the evolution 
equations then takes the form 



5,jX'X^ = 1, 5,jX'X'^ = 0, X' 



X'' 



0. (57) 



B. Relativitic catenary 



In order to describe a relativistic accelerated string, we 
consider that the string is embedded in a Rindler space- 
time with metric [3] 



g^vdx^dx'^ 



(58) 



where we have dropped the third spatial dimension since 
it is irrelevant in our problem. This spacetime describes 
part a wedge of the Minkowski spacetime since the change 
of coordinates^ 

crj ^ysinh — , w = j/cosh — , u = x (59) 
c c 

brings the metric ([5^ to 

g^.^dx^'dx" = -c^dif + du^ + dv^ . (60) 

This choice of embedding spacetime can be understood 
from the dynamics of the relativistic motion of a point 
particle subject to a constant acceleration, being the 
tangent vector to its worldline x'^(r), such that w^u^ = 



the 4-acceleration is defined as 7^ 



dut'/dr, 



being the proper time of the accelerated observer. It 
is perpendicular to {u^lp. = 0) and we assume it 



IS constant, i.e. 



g . If we align the axis v in 



the direction of the acceleration, then — Wg + u{ — — c 
and — 7o + 7i = 9^- The first equation implies that 
uq — ccosh/(r) and ui ~ csinh/(T) and the second 
equation gives that /(r) — gr/c. The equation of the 
trajectory is then obtained as 77(r) = ^smh{gT/c) and 

v{t) — Y cosh(gT/c) -I- h, i.e. {v — — c?rj^ = j g^ . It 
is then clear that a particle at a fixed valur of y in the 
Rindler space; y = yA has wordline v'^ — c^rf = y\ which 
corresponds, as we have seen in the previous paragraph, 
to the wordline of an observer uniformly accelerated in 
Minkowky. At early times, one has 



V = yA + 



2yA' 



(61) 



which corresponds to the usual Newtonian expression if 



K = g = — 
VA 



(62) 



Note that the metric is singular on y = 0, often called 
the Rindler horizon and that goo depends only on y, so 
that it describes a gravitational potential attracting the 
particle towards y = 0. 

The worldsheet of the string is described by X^ = 
{T, X, Y} and we decide to choose the intrinsic coordi- 
nates such that ^1 = s and ^0 = t- This latter choice of 
identifying the time coordinate of the string worldsheet 
and of the background spacetime is usually refered to as 
the temporal gauge. Because of this choice, we cannot, 
in general, choose coordinates such that lab is explicitely 
conformal to rjab. However, we can still choose ^1 = s so 
that 



gf,,X'^is,t)X"'is,t) = l 



(63) 



" These coordinates were introduced by A. Einstein and N. Rosen 
in 1935 and popularized by W. Rindler in 1956 in his book Il4l . 
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and still have the freedom to impose 

g^,X^'{s,t)X"'{s,t)^0. (64) 

Concerning the boundary conditions, we assume that the 
string hangs on a brane that seats at a constant distance 
from the Rindler horizon so that it undergoes a constant 
acceleration. Note however that the string does not lie 
at a constant distance from the horizon so that the local 
acceleration (or gravitational potential) will vary along 
the string, which is a major difference compared to the 
Newtonian case. 



1. Equation of motion 

The equation of motion are obtained directly from the 
action (|55|) using that 



7 = y-^Y^ +X^ + Y^j {X'^ + Y'^)-^{XX'+YY'f. 
The Eulcr equations take the form 

6L_ 

,6X 
■6L 
.SY 

reduce to the set of equations 
f X ' 



— = B (— 
SX " \6X' 

— = 1 ( — 

8Y ' [ SY' 



dt 



-1 . 



Y 



--Y, 



once the constraints 

XX' + YY' = 0, + y'2 = 1 



(65) 
(66) 

(67) 
(68) 

(69) 



are taken into account. It can be checked that these 
equations are equivalent to Eq. ([5l 



3. Dynamical case 

The previous paragraph confirms the analysis of 
Ref. 'Tl that we can now extend to the dynamical case. 
Eqs. ' (I67II68P take the form 



X + f{X,Y)X 



(71) 



Y + fiX,Y)Y = -^iY'V^y + ^Y (72) 



where / is a friction term given by 



f{X,Y) 



din. 



-^1 



dt 



(73) 



These equations are different from the Newtonian ver- 
sion in particular because the gravitational potential is 
not constant along the string since it does not lie at a 
y = const, position. However, thanks to the fact that 
the static solution is the same as in the Newtonian case, 
we can use the adiabatic solution to investigate the mo- 
tion of the end-points, as in § IIII B 21 Eq. dTT]) implies 
that 



XA{t) + jxa + V^{x'V^y^_ 



0. 



The s-derivative at the end-point can be evaluated 
as in footnote [SJ using Eq. ([72]) which implies that 
V~^{Y' yZ—^Yg^ig = k^ua/c?. Defining a as in 
Eq. dini), we conclude that \/^(^'y-7)U£o ^ 
(k^j/q/c^) cotao(t) = gcoiaQ{t). Then, the friction coef- 



ficient is obtain from 7(5 
— -I- so that 



±l^) = -{K^y\/c^)+X 



XaXa 



The equation of motion of the end-point is thus 

XA{t) 



= —g cot q;(^07 



(74) 



2. Static case 

For a static configuration, the previous set of equations 
reduces to 

[X'Y)' = 0, [Y'Y)' = 1. (70) 

We recognize the set (|imi3p and it is clear that the solu- 
tion if again a catenary. It follows that the static solution 
of a relativistic Goto-Nambu string in a Rindler space- 
time is similar to a constant length Newtonian catenary 
in an external gravitational field, that is by Eqs. (jl6I 
I17p . This is a non-trivial equivalence since it tells that 
the configuration of a constant tension relativistic string 
hanging in a Rindler space, and thus such that the grav- 
itational acceleration depends on height, is equivalent to 
a Newtonian string of constant length and constant lineic 
mass hanging in a gravitational potential with constant 
gravitational acceleration. 



We see that what appeared as a friction term recombines 
in order to give an equation which is the pure relativistic 
invariant of Eq. psp . The Newtonian limit is recovered 
when X\/c^ < 1. 

The adiabatic approximation assumes that 
cota(£oji) = cotastat(i) = k{t)/£Q (since the static 
solution is identical to the Newtonian case) so that the 
final system takes the form 



^A(t) ,„ , Ht) 
^ = -5C0tastat(4,t) = -ff-^: 



_eo_ 

m 



sinh 



XA{t) 



(75) 



(76) 



once we have used the notation of § IIII B 21 it reduces to 



«(t) 



VA — 



-K{a{T% i\:(T)sinh 



K(t) 



1, (77) 
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with a dot being d/dr. We thus expect differences from 
the Newtonian analysis when t^^jyA 1^ Ij that is when 
the brane is seating close enough from the Rindler hori- 
zon. 

We can integrate this equation in the same way as the 
Newtonian case and the solution is depicted on Fig. [101 
We deduce the typical collapse time of the string in func- 
tion of the initial separation of the end-points and the 
distance of the D-brane from the Rindler horizon. By 
comparing to Fig. [SJ we conclude that the order of mag- 
nitude obtained from the Newtonian case is usually a 
good estimate. Indeed, when Iq/i/a ^ 1, the Newtonian 
description starts to fail. 
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FIG. 10: Evolution of air) in units of £o for a^^ = 0.5 (blue) 
0.9 (black), respectively for yA/(-o ~ .1, 1, 10 (dotted, dashed, 
solid) and yA/io ~ .3, 1, 10 (dotted, dashed, solid). 
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FIG. 11: Collapse time in units of tc — ^£o/g = V^oVa/c 
as a function of the initial amplitude ain for yA/io = 
0.2,0.5, 1,2, 10 (solid, dahed, dot-dashed, dotted, thick). 



V. DISCUSSION 

The problem of a static string suspended in a gravita- 
tional field is an old one whose solution - the catenary 
- is well know to most freshman students of physics. In 
this article, we revisit this system with the intent to allow 



the (attached) ends of the string to move freely along the 
direction of suspension (i.e. along a fixed height). We 
have argued that this simple mechanical system actually 
gives a remarkably good description of the dynamics of 
a long open string attached to an accelerated D-brane in 
string theory. This latter problem has an equivalent for- 
mulation as a string attached to a D-brane embedded in 
a Rindler spacetime at a fixed distance from the Rindler 
horizon. 

In the Newtonian case, which forms the bulk of this 
article, we have obtained the typical collision time for 
the endpoints of the string as a function of the relevant 
parameters and showed that it is typically of the order 
of (1 — 4) X \/£o/9- This estimate, as well as a solution 
for the (rescaled) position of the string endpoint, were 
obtained through the assumption that the evolution of 
the string is adiabatic and checked by a direct numerical 
integration of the equations of motion. The numerical 
integration also showed that, in the absence of interac- 
tions between the string endpoints, the natural evolution 
of the catenary profile degenerates into cusps after one 
or two crossings. 

The analysis was then extended to a relativistic string 
of constant tension, i.e. of the Goto-Nambu type. Here 
we were able to gain some physical intuition why the 
static configuration of such a string attached to a D-brane 
located in a Rindler spacetime, i. e. subject to a constant 
acceleration, was similar to the constant length Newto- 
nian catenary as found in pzj. We also found that, while 
the dynamical relativistic case differs quite substantially 
from the Newtonian string, at least at the level of the 
equations of motion and their solutions, predictions for 
the collision-time for the string ends are remarkably simi- 
lar, as long as the D-brane is not too close to the Rindler 
horizon. Indeed, this is one of the main results of this 
analysis. In fact, this simple classical analogue gives us 
a number of important clues about the physics of radi- 
ating branes. For example, when string interactions are 
turned on, there are two ways that the long open string 
attached to the D-brane can form a closed string and 
leave the brane: either the endpoints of the string meet 
or the string self-intersects at some point in its evolu- 
tion forming in the process a closed string loop and a 
shorter open string. From our analysis we see that the 
string does indeed self-intersect, forming several cusps 
along its length but that this only occurs after the end- 
points coalesce. In its broadest sense, our results offer a 
way to construct a toy model of the dynamics of the pro- 
cess of gravitational radiation from accelerated branes. 
We describe this process in more detail in a companion 
article [isj . 
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